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Abstract: k-polar generalized neutrosophic set is introduced, and it is applied to BCK/BCI-algebras. The notions 
of k-polar generalized subalgebra, k-polar generalized (€, € Vq)-neutrosophic subalgebra and k-polar generalized 
(q, € Vq)-neutrosophic subalgebra are defined, and several properties are investigated. Characterizations of k-polar 
generalized neutrosophic subalgebra and k-polar generalized (€, € Vq)-neutrosophic subalgebra are discussed, and 
the necessity and possibility operator of k-polar generalized neutrosophic subalgebra are are considered. We show 
that the generaliged neutrosophic q-sets and the generaliged neutrosophic € Vq-sets subalgebras by using the k-polar 
generalized (€, € Vq)-neutrosophic subalgebra and the k-polar generalized (gq, € Vq)-neutrosophic subalgebra. A 
k-polar generalized (€, € Vq)-neutrosophic subalgebra is established by using the generaliged neutrosophic € Vq- 
sets, conditions for a k-polar generalized neutrosophic set to be a k-polar generalized neutrosophic subalgebra and a 
k-polar generalized (q, € Vq)-neutrosophic subalgebra are provided. 


Keywords: k-polar generalized neutrosophic subalgebra, k-polar generalized (€, € Vq)-neutrosophic subalgebra, 
k-polar generalized (q, € Vq)-neutrosophic subalgebra. 


1 Introduction 


In the fuzzy set which is introduced by Zadeh [35], the membership degree is expressed by only one function so 
called the truth function. As a generalization of fuzzy set, intuitionistic fuzzy set is introduced by Atanassove 
by using membership function and nonmembership function. The membership (resp. nonmembership) func- 
tion represents truth (resp. false) part. Smarandache introduced a new notion so called neutrosophic set by 
using three functions, i.e., membership function (t), nonmembership function (f) and neutalitic/indeterministic 
membership function (i) which are independent components. Neutrosophic set is applied to BCK/ BCI- 
algebras which are discussed in the papers [13, 19, 20, 21, 22, 26, 27, 30]. Indeterministic membership func- 
tion is leaning to one side, membership function or nonmembership function, in the application of neutrosophic 
set to algebraic structures. In order to divide the role of the indeterministic membership function, Song et al. 
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[31] introduced the generalized neutralrosophic set, and discussed its application in BCK/BCI-algebras. Bor- 
zooei et al. [8] introduced the notion of a commutative generalized neutrosophic ideal in a BCK-algebra, and 
investigated related properties. They considered characterizations of a commutative generalized neutrosophic 
ideal. Using a collection of commutative ideals in BCK-algebras, they established a commutative generalized 
neutrosophic ideal. They also introduced the notion of equivalence relations on the family of all commutative 
generalized neutrosophic ideals in BCK-algebras, and investigated related properties. Zhang [36] introduced 
the notion of bipolar fuzzy sets as an extension of fuzzy sets, and it is applied in several (algebraic) structures 
such as (ordered) semigroups (see [12, 7, 10, 28]), (hyper) BCK/BCI-algebras (see [6, 14, 15, 23, 16, 17]) 
and finite state machines (see [18, 32, 33, 34]). The bipolar fuzzy set is an extension of fuzzy sets whose 
membership degree range is [—1, 1]. So, it is possible for a bipolar fuzzy set to deal with positive information 
and negative information at the same time. Chen et al. [9] raised a question: “How to generalize bipolar 
fuzzy sets to multipolar fuzzy sets and how to generalize results on bipolar fuzzy sets to the case of multipolar 
fuzzy sets?” To solve their question, they tried to fold the negative part into positive part, that is, they used 
positive part instead of negative part in bipolar fuzzy set. And then they introduced introduced an m-polar 
fuzzy set which is an extension of bipolar fuzzy sets. It is applied to BCK/BCI-algebra, graph theory and 
decision-making problems etc. (see [4, 2, |, 3, 29, 5, 25]). 

In this paper, we introduce k-polar generalized neutrosophic set and apply it to BCK/BCI-algebras to study. 
We define k-polar generalized neutrosophic subalgebra, k-polar generalized (€, € Vq)-neutrosophic subalge- 
bra and k-polar generalized (q, € Vq)-neutrosophic subalgebra and study various properties. We discuss char- 
acterization of k-polar generalized neutrosophic subalgebra and k-polar generalized (€, € Vq)-neutrosophic 
subalgebra. We show that the necessity and possibility operator of k-polar generalized neutrosophic subalgebra 
are also a k-polar generalized neutrosophic subalgebra. Using the k-polar generalized (€, € Vq)-neutrosophic 
subalgebra, we show that the generaliged neutrosophic q-sets and the generaliged neutrosophic € Vq-sets sub- 
algebras. Using the k-polar generalized (q, © Vq)-neutrosophic subalgebra, we show that the generaliged 
neutrosophic q-sets and the generaliged neutrosophic € Vq-sets are subalgebras. Using the generaliged neu- 
trosophic € Vq-sets, we establish a k-polar generalized (€, € Vq)-neutrosophic subalgebra. We provide 
conditions for a k-polar generalized neutrosophic set to be a k-polar generalized neutrosophic subalgebra and 
a k-polar generalized (q, € Vq)-neutrosophic subalgebra. 


2 Preliminaries 

If a set X has a special element 0 and a binary operation « satisfying the conditions: 
(I) (Vu,v,w € X) (((w*v) * (wx w)) *(w *v) = 0), 
(I) (Vu,v € X) ((w* (ux v)) xv =0), 

(ID) (Vu € X) (uxu=0), 

CV) (Wuje € 4) ux oHl, vee =0 S v=), 

then we say that X is a BCI-algebra. If a BCl-algebra X satisfies the following identity: 
(V) (Vue X) (Ox u=0), 


then X is called a BC'K -algebra. 


R.A. Borzooei, F- Smarandache, Y.B. Jun, Polarity of generalized neutrosophic subalgebras in 
BCK/BCI-algebras. 


Neutrosophic Sets and Systems, Vol. 32, 2020 125 


Any BCK/BCI-algebra X satisfies the following conditions: 


(Vu € X)(ux0=u), (2.1) 
(Vu,u,weE X)(u<u > uxw<vew, wev Swe), (2.2) 
(Vu,v,w € X)((uxv) *w = (ux*w) *v) (2.3) 


where u < v if and only if wu * v = 0. A subset S of a BCK/BCI-algebra X is called a subalgebra of X if 
uxv€ S$ forallu,v € S. 

See the books [11] and [24] for more information on BCK/BCI-algeebras. 

A fuzzy set jz in a BCK/BCI-algebra X is called a fuzzy subalgebra of X if p(w * v) > min{p(u), p(v)} 
for allu,v € X. 

For any family {a; | i € A} of real numbers, we define 


te _ f max{a;|i¢ A} if A is finite, 
Via: [fea { sup{a;|i€¢ A} otherwise. 


, _ f min{a;|ie¢ A} if A is finite, 
Mia Nae { inf{a;|7€ A} — otherwise. 


If A = {1,2}, we will also use a, V ag and a; / ag instead of \/{a; | i € A} and A{a; | i € A}, respectively. 


3 k-polar generalized neutrosophic subalgebras 


A k-polar generalized neutrosophic set over a universe X is a structure of the form: 


ee 


{ gostei | a x, lrr(z) + lrr(z) = i} (3.1) 


where bx —_ tr Fr and C, r are mappings from X into [0, in . The membership values of every element z € X 
in Cr, rr, €rr and Cp are denoted by 


( 
), (m2 0 bir)(2),++ 5 (me © Gr)(2)) 

(3.2) 
) 


(m1 0 bre)(2), (m2 0 Cre)(2),- +> (mm 0 bre)(2)) 


respectively, and satisfies the following condition 
(x; 0 rr) (z) + (mj 0 ltr) (z) <1 


for all? = 1,2,--- ,k. 
We shall use the ordered quadruple fe (@. Le: ty F; ¢; r) for the k-polar generalized neutrosophic set in 
(3.1). 
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Note that for every k-polar generalized neutrosophic set L:= (@. Bx ie F; ¢; r) over X, we have 
(Vz € X) (0 < bp(z) + Girlz) + Gr(z) + Or(2) < 3) 


that is, 0 < (mj 0 lp)(z) + (m0 Orr) (z) + (1; 0 lr) (z) + (m0 Ep) (2) < 3 for all z € X andi =1,2,--- ,k. 
Unless otherwise stated in this section, X will represent a BCK/BCI-algebra. 


Definition 3.1. A k-polar generalized neutrosophic set oe (@. = bie ge; r) over X is called a k-polar 
generalized neutrosophic subalgebra of X if it satisfies: 


(Vz,yEXx), ~ Emon (3.3) 
Y Girlz *y) S frp(2) v eh eee 
f(z) < bel) VEey) 
that is, 
[ (molr)(z*y) > (mio lr) (2) A(mo Gly) 
ie AS ee ONE) Ax 
(150 fir )(z *Y) <(m% 0° £ip)(zZ) V (Tr 0 fir )(y) 
\ (m0 lr)(z*y) < (m0 lr) (z) V (m0 lr) (y) 


fori = 1,2,--- ,k. 


oe, 99 


Example 3.2. Consider a BC K-algebra X = {0, a, 3,y} with the binary operation “x” which is given below. 


* 0 a B y 

0 0 0 0 0 

a a 0 a a 

B B B 0 Bp 

Y ¥ Y 2 0 
Let £ := be Dire e F; C, r) be a 4-polar neutrosophic set over X in which ie bre ty Fr and ; r are defined as 
follows: 

( (0.6, 0.7,0.8,0.9) if z=0, 
ae 4 (0.4, 0.4,0.8,0.5) if z=a, 
ae ae (0.5,0.6,0.7,0.3) if z=8, 

( (0:3.0.5, 04007): ane ae 
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( (0.7,0.6,0.8,0.9) if 2 =0, 
~ (0.6,0.4;0.7,0.5) a 2a, 
Gr: X > [0,1 2 (0.5,0.5,0.4,0.8) if z=8, 

| (0.2,0.6,0.5,0.7) if z=7, 

( (0.2,0.3,0.4,0.5) if z=0, 
— 1 (0.4,0.7,0.5,0.8) if z=a, 
cree Mga (0.5,0.5,0.8,0.6) if z= 8B, 

| (0.7,0.3,0.6,0.7) if z=7, 

( (0.4,0.4,0.3,0.2) if 2 =0, 
a j (0.8,0.7,0.5,0.3) if z=a, 
eae ones? (0.6, 0.5,0.6,0.6) if z= 8, 

| (0.4, 0.6,0.8,0.4) if z=7, 


It is routine to verify that —_ (@. Le. e; Ps e; r) is a 4-polar generalized neutrosophic subalgebra of X. 
If we take z = y in (3.3) and use (III), then we have the following lemma. 


Lemma 3.3. Let £ := (@. = a t; r) be a k-polar generalized neutrosophic subalgebra of a BCK/BCI- 
algebr X. Then 


lr(0) > br(z), Grr(0) = Grr (2) 
WAvEX) 9 0) < Girlz), bo(0) < Pols) ) i 


Proposition 3.4. Let Le (@. Lage ic FP; ¢; r) be a k-polar generalized neutrosophic set over X. If there exists 

a sequence {z,,} in X such that lim br (Zn) = i= lim lrr (Zn) and lim Crp (Zn) = (0 = lim lr(Zn), then 
n—- oo nN—-0o n—-oo noo 

C7(0) = i = Crr(0) and Crr(0) = 0 = C(O). 


Proof. Using Lemma 3.3, we have 


N—->Co noo 


This completes the proof. 


Proposition 3.5. Let Li= (@. Lie e; Ps ¢; r) be a k-polar generalized neutrosophic subalgebra of X such that 


br(z*y) > Cry), Crr(z*y) = Girly) (3.6) 


Vz, x pe ag 
eS tre(y), Pelz y) < Fely) 


> 
lrr(z * y) < 


Then L is constant on X, that is, €r, €rr, €rr and €p are constants on X. 
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Proof. Since z * 0 = z for all z € X, it follows from the condition (3.6) that 


er(z) = lp(z * 0) > lr(0), Lrr(z) = Cir (z *« 0) > Err (0), (3.7) 
Orp(z) = lrr(z * 0) < lr (0), C(z) = Ep(z * 0) < p(0) (3.8) 


for all z € X. Combining (3.5) and (3. 71 induces AG = ¢,(0), err (2) = err (0), lrp(z) = €rr(0) and 
l me =z 0(0 ) for all z € X. Therefore Ds ¢; IT> ; tr and fp are constants on X, that is, £ is constant on 
Xx. 


Given a k-polar generalized neutrosophic set Lox (@. lrr, err, & r) over a universe X, consider the 
following cut sets. 


(tr, fir) = {2 € X | Or(2) > fir}, 
U (Err, fr) = {z © X | ir(z) > furr}, 
L(€rp, Arp) := ={z7e 2X | Crp (z) <n}, 
L(tp,fp) = {2 € X | Ep(z) < Ap} 


for Nr, Arr, NIP, tip € [0, it, that is, 


U (lr, fir) = {2 € X | (m0 lp)(z) > Ab for all i = 1,2,--- , k}, 
U(lrr, rr) = {2 € X | (mo Gr) (z “ fp for all i = 1,2,-+- , k}, 
L(Crp, Arp) = {2 € X | (nm, 0 lp)(z) < ftp for all i = 1,2,--- , k}, 
L(lp, ip) = {z © X | (m0 lp) (z) < fy for all i = 1,2,--- , k} 
where fir = (np, np, ++ np), tir = - (nip, Nip, — Nip), fir = (nyp, Nips to , pp) and Np = (np, 


ni, tee Np). It is clear that U(er, i Ne 1 U (lr, ir), U (Err, hiv) = fie 1 U(r, nr)’, L(rp, Nir) = 
Pies L(rr, rr)’ and L(er, nr) = ‘ae _L(ep, hr)’, where 


U(lr, fir)’ = {2 € X | (m0 br)(2) 2 Ar}, 
rr, firr)' = {z €X | (mj 0 Lyr)(z) > Air}, 

(re, fire)’ = {z © X | (m0 lrr)(z) < jp}, 
L(lp, fir)! = {2 € X | (m0 lr) (2) < ip} 
for? = 1,2,--- ,k. 

We handle the characterization of k-polar generalized neutrosophic subalgebra. 

Theorem 3.6. Let £ := (@. bir, bre, tr) be a k-polar generalized neutrosophic set over X. Then Lisak- 
polar generalized neutrosophic subalgebra of X if and only if the cut sets U (Er, nr), U (Lar Nir), Llig: Nir) 


and L(lp, Ap) are subalgebras of X for all tr, tir, hie, he € (0, 1]*. 


Proof. Assume that L isa k- -polar generalized neutrosophic subalgebra of X. Let z,y € X. If z,y € 
U(bp, fir) for all ap € [0, 1]*, then (7; 0 tr)(z) > ni, and (m; 0 lr)(y) > ni, for i = 1,2,--- ,k. It fol- 
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lows that ~ . 7 . 

(mj 0 lr)(z*y) 2 (m0 lr) (z) A (mi 0 Cr) (y) 2 np 
i=1,2,---,k. Hence z*y € U(er, fir), and so U (er, fir) is a subalgebra of X. If z,y € L(¢p, Ar) for all 
fip € [0,1]*, then (7; 0 lp)(z) < ni, and (m0 lr)(y) < ni, for i = 1,2,--- ,k. Hence 


(nm; 0 lp)(z*y) < (m0 lp)(z) V (m0 lr) (y) < nip 


i=1,2,---,k,andsoz*y€ L(ln np). Therefore Lbm: Np) is a subalgebra of X. Similarly, we can verify 
that Ul: nyr) and LC Nyp) are subalgebras of X. 

Conversely, suppose that the cut sets U (Cr, nr),U (lr, nr), L(, IF; Arr) and L(@; F; Rr) are subalgebras 
of X for all Ar, Arr, frp, fir € [0, 1)". If there exists aw, 8 € X such that err(a * BY < lrr(a yA err (B), that 
is, 


(a; 0 €rr) (a * B) < (m0 br) (a) A (mj 0 brr)(B) 
fori = 1,2,--- ,k,thena, 8 € U(lrr, Arr)! andax8 ¢ U(lrr, Arr)! where fit. = (1;0lrr)(a) A(m0lrr)(8) 
for for 7 = 1,2,--- ,k. This is a contradiction, and so 


a~ 


Crr(z * y) > lrr(z) A Orly) 


a~ 


for all z,y € X. By the similarly way, we know that or(z *Yy) > lr(z) A er(y) for all z,y € X. Now, suppose 
that 0p(a * 8) > lr(a) V €p(G) for some a, 6 € X. Then 


(1; 0 lp) (a * B) > (m0 lr)(a) V (mi 0 Cr)(B) 


fori = 1,2,--- ,k. If we take n%, = (x; 0 lr)(a) V (1; 0 tr)(B) fori = 1,2,--- ,k, thena, 6 € L(tp, ar)! 
but a * 6 ¢ L(lp, Ap)’, a contradiction. Hence 


ep(zxy) < lr(z) V Cry) 


for all z, y € X. Similarly, we can check that Crp(z *Y) < Lrr(z) V erry) for all z,y € X. Therefore L is a 
k-polar generalized neutrosophic subalgebra of X. 


Theorem 3.7. Let L := (@. ie Gz t; r) be a k-polar generalized neutrosophic set over X. Then Lisa 


k-polar generalized neutrosophic subalgebra of X if and only if the fuzzy sets 7; Oe TT; © 0; IT, T° é fe and 
140 C8 p are fuzzy lanes of X where (7; of e)(z) = 1- (7; olp)(z ) and (7; ofp) (z )=1-(7; olrp)(z ) 
forall z € X andi =1,2,--- ,k. 


Proof. Suppose that Lis a k-polar generalized neutrosophic subalgebra of X. For any 7 = 1,2,--- ,k, it is 
clear that 7; o 0p and 7; 0 (7 are fuzzy subalgebras of X. For any z,y € X, we get 
(m; 0 j)(z*y) = 1 — (m0 lp) (z ¥y) =1- (m0 bp) (2) V (mi 0 lr)(y) 
= (1— (m0 £r)(z)) A(1 — (m0 Lr) (y)) 
= (m0 lp) (z) A (mi 0 le) (y) 


R.A. Borzooei, F: Smarandache, Y.B. Jun, Polarity of generalized neutrosophic subalgebras in 
BCK/BCI-algebras. 


130 Neutrosophic Sets and Systems, Vol. 32, 2020 


and 
(1; 0 Up) (2 *y) =1— (m0 brp)(z *y) =1— (m0 bre) (2) V (mi 0 br) (y) 
= (1— (m0 lrr)(z ae — (m7; 0 €rr)(y)) 
= (1; 0 Cp)(z) A (m0 Bp)(y). 


Hence 7; © ee, and 77; 0 é p are fuzzy subalgebras of X . 


tenes suppose that the fuzzy sets 7; 0 Des TT; 0 C IT, 1 and 7; © é p are fuzzy subalgebras of X 
for? = 1,2,---,kand let z,y © X. Then 


(mi 0 lp)(z *y) > (m0 lp)(z) A (m0 lr) (y), 
(m; 0 lrr)(z ¥y) > (m0 lrr)(z) A (m0 Ler) (y) 
for all 2 = 1,2,--- ,k. Also we have 
1 — (m0 lp)(z *y) = (mi 0 L5)(z *y) > (m4 0 &)(z) A (m0 &)(y) 


( 
= (1— (m0 bp)(z)) A (1- (m0 br) (y)) 
1 — ((m; 0 lp)(z) V (m0 lr) (y)) 


and 


1 — (m0 bjp)(z*y) = (m0 Cir)(2* y) > (mo Cir yz) (1; 0 Cn) (y) 
= (1 — (m0 €rp)(z)) A (1 — (m0 Cpr) (y)) 
= 1 -((m0lrr)(z) V (m0 lrr)(y)) 


which imply that (1; 0 0)(z * y) < (1; 0 lp) (z) V (1; 0 Cp) (y) and 


(nm: 0 lrr)(z *y) < (mi 0 lrr)(z) V (m1 0 Cre) (y) 


for all2 = 1,2,--- ,k. Hence Lisa k-polar generalized neutrosophic subalgebra of X . 


Theorem 3.8. /f = (@. Den ty F; ¢; r) is a k-polar generalized neutrosophic subalgebra of X, then so are 
p= (br, bir, Cin, ) and OL := (Gp, 0, br, bir). 
Proof. Note that (mi0lrr)(2)-+(mioljp) (2) = (miolrr)(2)+1—(miolrr) (2) = Land (jl) (2) +(molm)(2) = 


(mio br) (2 )+1—(molr)(z ) = 1, that is, lrlz )+G; ee ) = i and lp(z ) + (2 ) = 1 for all z € X. Hence 
L:= br, Crp, Sp, & and OL := Cp, OS, lp, Orr are k-polar generalized neutrosophic sets over _X . For 


any z,y € X, we get 
(1; 0 Cp)(z *y) =1— (m0 bir) (zy) <1 — (m0 Lrr)(z) A (ti 0 Lr) (y)) 
= (1— (m0 brr)(z)) V (1 = (m0 Lr) (y)) 
= (m0 Cip)(z) V (mi 0 lip) (y), 
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(mj 0 €5)(z *y) =1— (m0 lr)(z ¥y) <1 — (m0 lf) (z) A (mo &)(y)) 
= (1— (m0 lp)(z)) V (1 - (m0 br )(y)) 
= (m0 &)(z) V (m0 &)(y), 


(1; 0 Cp)(z *y) =1— (m0 lpe)(z *y) > 1— ((m 0 Cpe) (z) V (m0 Cr) (y)) 
= (1 - (m0 lrr)(z)) A (1 - (m0 Srr)(y)) 
= (1; 0 lp) (z) A (mi 0 Cp)(y), 


and 


Therefore OL :— (@. Cie Cn, (i) and OL := (es, e,, t, F, Cir) are kpolar generalized neutrosophic subal- 
gebras of X. 


Theorem 3.9. Let Ay x Ay x---x Ax C [0, sis that is, A; © [0,1] fort =1,2,--- ,k. Let S; := {S:, | t; © Ac} 
be a family of subalgebras of X fori = 1,2,---+ ,k such that 
KS Ge (3.9) 
tre A; 
(Vsi, ti — Aj) (5; Sip > Ss: Cc St;) (3.10) 


fori =1,2,--- ,k. Let L:= (@. bi i tr) be a k-polar generalized neutrosophic set over X defined by 


(Vz € X) 


(17; er)(z) =Via € Ai | 2 € Sy} = (m0 trr)(2), (3.11) 


(m; 0 lie)(z) = Afri € Ai | 2 € 8,,} = (mi 0 le) (2) 
fori =1,2,--- ,k. Then L:= (@. Cia, Ok ir) is a k-polar generalized neutrosophic subalgebra of X. 


Proof. For any i = 1,2,--- ,k, we consider the following two cases. 


t= Via EA: | qa <t}andt; £ Via EA: | a < th. 
The first case implies that 


2 €U (lp, ti) (Vai < ti)(z € Sy.) @ 2 € (Sa, 
Gi<ti 
2 €U(brr, ti) (Wa < ti)(z € Sq) @ 2 € [) Sa. 


i<ti 
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Hence Ula) = (loa = U lint); and so U (Ep, ti) and Uae) are subalgebras of X for all i = 


qi <ti 


1,2,...,h. Hence U (Er, n= ff) U (ep, t;) and U (Err, j= U (Err, t;) are subalgebras of X. For 
i=1,2,....k i=1,2,...Jk 
the second case, we will show that U(¢r,t;) = U S, = U(érr,ti) for alli = 1,2,...,k. Ifz € U Sy, 


Gatti g2ti 
then z € S,, for some g; > t;. Hence (7; 0 €rr)(z) = (mo lr)(z) => G = ti, and so z € U(lr,t;) and 
z € U(r, ti). Iz € U Sy, then z ¢ Sy, for all gq; > t;. The condition t; A \V{q € Ai | qi < ti} induces 

gti 
(t; — €:,t;) A A; = 0 for some ¢; > 0. Hence z ¢ S,, for all gq; > t; — €;, which means that if z € S,, then 
qi < t; — €;. Hence (1; 0 £yr)(z) = (1; 0 lr) (z) < ti — &; < t; and so z ¢ U(£;7,t;) = U(€r,t;). Therefore 
U(lr, ti) = U(err, ti) C U Sq,. Consequently, U(¢r, t;) = U(lrr,ti) = U Sq, which is a subalgebra of X, 


g2ti qG2ti 
and therefore U(¢r, t) = {) U(é€r,t;) and U(é;7, t) = () U(€rr,t;) are subalgebras of X. Now, we 
4=1,2 G1 Dicey k 


pageesy 


consider the following two cases. 
5, = fri EA; | rT, > si} and s; va fri EA; | T;, > si}. 
For the first case, we get 


2 € L(trp, 8)  (Wsi < rz € S,,) #2 € (7) Sr, 


Ti>Si 


z € L(bp, 81) & (Vs; < ri)(z € Sn.) @ZE [) Sy. 


Ti > Si 


It follows that L(Erp, 33) = L(@; F,Si) = {) S;,, which is a subalgebra of X. The second case induces 
(s;, $; + €;) N A; = 0 for some e; > 0. If z EU S,,, then z € S,, for some r; < s;, and thus (7; © Crr)(z) = 
(1; 0 l)(z) <r; < 8, ie. z € Ome Ze La 8;). Mene: |)... © EL aca) = L(y, 8;). 
If z ¢ U S,,, then z ¢ S,, for all r; < s; which implies that z ¢ §. for all r; < s; + ¢;, that is, if 
ze Sr; es T, > 8, + &. Thus (1; 0 Cre)(2) = (ay © lr) (z) > s; +6; > s; and soz ¢ L(t, a) = 
L(€p, 8;). This shows that L(¢;p, 5;) = L(€r, s;) = Ys Sr which is a subalgebra of X.. Therefore L(¢p, 8) = 


() L(€p, s;) and U (Lip, = ff] L(trp, s;) are subalgebras of X. Using Theorem 3.6, we know that 


i=1,2,...,k i=1,2,...,k 


a (@r. C, IT; ty F; t; r) is a k-polar generalized neutrosophic subalgebra of X. 


4 k-polar generalized (€, € Vq)-neutrosophic subalgebras 


nn k\ p6.. — [ml 2 k\ 6 _ (pl 2 k\ and ®. — (ml m2 
Let ap = (np, Np, +++ Np), Arr = (Npp, Nip, ++ Nip), Nip = (Nip, Nps ++ Np) and Ap = (Np, Np, 


,ni.) in [0, 1]*. Given a k-polar generalized neutrosophic set f= (@. bigs ey F; ¢; r) over a universe X, 
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we consider the following sets. 


T, (lr, fir) = {z € X | Op(z) + fir > I}, 
IT, (Err, Arr) = {2 © X | Gir (z) + Are > i}, 
IF (rp, fire) = {z © X | €rp(z) + App < i}, 
F(€p, tir) = {2 © X | lp(z) + fie < i}, 


which are called generaliged neutrosophic q-sets, and 


Tevqlbr, ir) = {2 € X | Op(z) > fp or Ep(z) + fiz > I, 
ITevq(brr, Arr) = {2 € X | Er (2) > fre or Lyz(z) + Arr > i}, 
TFevq(€rp, frp) = {2 € X | Orp(z) < frp or Crp(z) + Are < 1}, 
Fevgllp, fir) = {z © X | lp(z) < Ap or Cp(z) + fp < i} 


which are called generaliged neutrosophic € \q-sets. Then 


k k 

T(r, nr) = (Tier, Ar)’, IT, (lrr, tir) = ()IT,(Crr, Arr), 
i=] i=1 

IF (ere, fur) =(\IFy(Cir, ftir)’, Fyllr, tr) = () Fyler, iv)’ 


4=1 1=1 
and 


k k 
Tevg(lr, Ar) =(\Tevallr, fir)’, IDevallrr, tr) = (IT evar, fur), 


i=1 i=1 
k 


k 
IF evg(lrp, frp) = ( \IFevq(lre, fire)’, Feva(lr. fir) = (| Feva(lr, fir)! 


i=1 t=1 


where 


T, (er, ir)’ = {2 € X | (m0 lp) (z) + ni, > 1}, 
IT, (Err, Arr)’ = {z € X | (nm; 0 brr)(z) trip > 1}, 
IF,(lrp, frp) = {z € X | (m0 lrp)(z) + nip < 1h, 
F (lp, fip)' = {2 © X | (m0 lp)(z) +n, <1} 
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and 


Tevallr, rr)’ = {2 © X | (m0 lp)(z) > nt or (mj 0 L)(z) tn, > 1}, 

IT eaq(lrr, fr)’ = {2 € X | (m0 lir)(z) > nip or (1; 0 Lpr)(z) + nip > 1, 

IFevg(lir, tur)! = {2 © X | (m; 0 bre) (2) < nippy or (m0 lrp)(z) + Nip < 1, 

Fevgllp, tir) = {z € X | (m0 lp)(z) < nin or (m0 lp) (z) +n < 1}. 
It is clear that Teyq(€r,Ar) = U(br, fer) U Ty(€r, Ar), IPevg(lrr, tr) = U(Crr, irr) U IT, (Cre, rr), 
TFev(lrp, fire) = L(Crp, Arp) ULF, (Erp, Arp), and Fovq(lr, fir) = L(€p, ip) U F,(€p, ip). 


By routine calculations, we have the following properties. 


Proposition 4.1. Given a k-polar generalized neutrosophic set L := (@. lrr, lire, € r) over a universe X, we 
have 


1. If fur, fir € [0,0.5]*, then Teyq(lr, ar) = U (bp, rp) and IT evq(Err, Arr) = U (lr, fir). 

2. Iffip, Arp € (0.5, 1], then IFevq(lrp, Arp) = L(lrp, firp) and Feyq(lp,fip) = L(Cp, ftp). 

3. If fir, fire € (0.5, 1]*, then Teyq(lr, fir) = Ty (lr, fir) and IT evq(lrr, firr) = IT,(€rr, rr). 
4. If tip, Are € [0,0.5)*, then IFevq(lre, irr) = 1F (Crp, fire) and Fevq(lp, fie) = Fy (lp, rp). 
Unless otherwise stated in this section, X will represent a BCK/BCI-algebra. 


Definition 4.2. Let £ := G Lae. &; F; ¢; r) be a k-polar generalized neutrosophic set over X. Then Lis called 


a k-polar generalized (€, € Vq)-neutrosophic subalgebra of X if it satisfies: 


(4.1) 
F, 2p), YE L(€p, fip) > ZKEYE Fevq(lr, hp) 
for all Z,YE Xap, hip € (0, 1/* and ip, pp E [0, Lar 


Example 4.3. Consider a BC I-algebra X = {0, 1, 2, a, 6} with the binary operation “*” which is given below. 


WRNEHFHO]* 
WRNrFAO 
8S k8knodger 
WROrRAOYb 
FP Ok WLI 
SDO8 8 8B 
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Let £ = (@. De. ty F; C, r) be a 3-polar neutrosophic set over X in which ie Doe tr Fr and tp are defined as 
follows: 


( (0.6,0.5,0.5) if z=0, 

: (0.7,0.7,0.2) if z=1, 
Gr: X + [0,1P, 2-4} (07,08,05) if 2=2, 
(0.3,0.4,0.5) if z=a, 

( (0.3,0.4,0.2) if 2=8, 

( (0.6,0.5,0.6) if 2=0, 

7 (0.4,0.3,0.7) if z=1, 
for: X > (0,1), 2+ 4 (0.6,0.8,0.4) if 2=2, 
(O:7,04,0,1)° af 2, 

( (0.4,0.3,0.1) if 2=8, 

( (0.3,0.1,0.5) if z=0, 

: (0.8, 0.3,0.7) if 2=1, 
Ge: X + [0,1P, 2-9) (03,08,05) if 2=2, 
(0.7,0.9,0.6) if z=a, 

| (0.8,0.9,0.7) if z= 8, 

( (0.2,0.2,0.5) if z=0, 

7 (0.3,0.9,0.8) if z=1, 
eX > [01% 24} (0.5,0.2,04) if 2 =2, 
(0.6,0.4,0.6) if z=a, 

| (0.6,0.9,0.8) if 2=8, 


It is routine to verify that Li (@. Ce ty F; t; r) is 3-polar generalized (€, € Vq)-neutrosophic subalgebra. 


Theorem 4.4. /f = (@. lin. bie, t; r) is a k-polar generalized neutrosophic subalgebra of X, then the 


generaliged neutrosophic q-sets Te nr), TT (lors Nir), IF (lrp, Nr) and F.(ep, Np) are subalgebras of 
X forall nar, nrr € (0, i? and tip,Ntp € [0, 1, 


Proof. Let z,y € T, (er, fr). Then 07(z) + Ar > 1 and p(y) + fr > i, that is, (m7; 0 &p)(z) + ni, > Land 
(7,0 lr)(y) + np > 1 fori = 1,2,--- ,k. It follows that 


(1; 0 br)(z *y) + np > (m0 tr)(2) A (m0 €r)(y)) +n 
((m 0 &p)(z) + nr) A (m0 br )(y) +7)! > 1 


for? = 1,2,--- ,k. Hence or(z*y) +fir > 1, thatis, z*y € T, (lr, fir). Therefore T, (lr, fir) is a subalgebra 
of X. Let Z,YE IF, (érr, frp). Then (1; 0 77)(z) +nbip < land (7; 0 l7F)(y) +nbp <1lfori = 1, 2, as ok: 
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Hence 


(1; 0 €rp)(z¥y) + nip < ((m0 Cir)(2) V (1; 0 €re)(y)) +i 
= ((m; 0 Crp) (z) + np)’ V (m0 Err) (y) + ner)’ <1 


for? = 1,2,---,k andso Crp(z*y) + frp < 1. Thus z*y € IF (Crp, firp) and IE (lrp, firp) is a subalgebra 
of X. By the similar way, we can verify that [T,(¢rr, Arr) and F,(¢r, rr) are subalgebras of X. 


We handle characterizations of a k-polar generalized (€, € Vq)-neutrosophic subalgebra. 


Theorem 4.5. Let L := (@. en i ¢; r) be a k-polar generalized neutrosophic set over X. Then Lisa 
k-polar generalized (€, € Vq)-neutrosophic subalgebra of X if and only if it satisfies: 


( lr(z*y) > MG), ry), 0-5} \ 
tir(2*y) > MGrr y), 03} we 
Cre(z*y) < V{Ere(2), lre(y), 03} | 
Be(z*y) <VEr(2),bo(),03} 


(Vz,yEX) | 


that is, 
( (m0 br)(z*y) > Ak(m 0 br) (2), (mi 0 Cr)(y), 0.5}, 
(m0 brr)(2*y) > Af(m 0 lrr)(2), (mi 0 Lrr)(y), 0.5}, as 
(mi 0 lrr)(z*y) S V(t © lr) (2), (™ 2 rr )(y); 0.5}, 
\ (m0 le)(z*¥) S Vilm o Cr) (2), (mi © lr) (y), 0.5} 
forall z,y © X andi =1,2,--- ,k. 


Proof. Suppose that L:= ti Cae e; me e; r) is a k-polar generalized (€, € Vq)-neutrosophic subalgebra of X 
and let z,y € X. For any i = 1,2,...,k, assume that (77; 0 €rr)(z) A (m0 Crr)(y) < 0.5. Then 


(m0 frr)(z *y) > (m0 Cir)(z) A (mo Err) (y) 
because if (77; 0 rr) (z KY) < (m0 err)(z) A (10 rr) (y)s then there exists n‘, € (0, 0.5) such that 
(170 Orr) (z *Yy) < nip < (mo err)(z) A (1% err)(y). 


It follows that z € = U(lrr, nr)! and y € U (Cer, ner)’ but zxy ¢ U (Cir tir). Also (nol) (z*y) tnip an 
ie. z*xy € IT, ‘ (err, ny). Hence z * y ¢ The Ge Nyy) which is a contradiction. Therefore 


(mi 0 lrr)(z*y) = AL (mi 0 Ler) (2), (mi 0 lrr)(y), 0.5} 


for all z,y € X with (mm O rr) (z }a (1740 lrr)(y) < 0.5. Now suppose that (7; o bpp) (z) N (i olrr)(y) 200; 
Then z € U (Err, 0. 5) and YE U (Err, 0. By and so z * YE Ta, (er7, 0.5)? = U(r, 0.5)? U IT, (err, 5): 
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Hence z*y € U (lia 0.5)’. Otherwise, (7; 0 brr)(z *y) +0.5 < 0.54 0.5 = 1, a contradiction. Consequently, 


(1; elie )(z*#y) > Xm £0 bir) (z ), (14 0 lrr)(y), 0.5} 


for all z, y € X. Similarly, we know that 
(mio br)(z*y) => \{(mi 0 lr) (2), (mi 0 lr) (y), 0.5} 


for all z,y € X. Suppose that (p(z ) Ver(y )> 0.5; If 0p(z*y) > Op(z 2) V Orly ) := np, then z,y € L(€p, fir), 
zxy¢ L(¢p, fir) and 1 op (z * *y) +hp > hp > Iie, 2*y ¢ F. (lp, fur). This is a contradiction, and so 
Op(z*y) V{lr(z ), lr(y), 0.5} whenever (»(2 ) Very /) > 0.5. Now assume that lz) V lp(y) < 0.5. Then 
zy € L(€r, 0.5 5) and thus z * y € E Fevg(lr, 0.5 5) = L(ep,0.5) UF (Er, 0.5 5). If zx y ¢ L(lp,0.5), that is, 
br(2*y) > 0.5, then ln(z*y) +0.5>0.5 +0.5 5=-Lie,z*y¢F (ep, 0.8 5). This is a contradiction. Hence 
er(z*y) < 0. 0.5 and so p(z*y) = V{lw(z ), le(y), 0.5} whenever (p(z )V erly )< 0.5. . Therefore 0p(2*y) < 
V{lr(z ), 2r(y), 0.5} for all z,y € X. By the similar way, we have (7p(z * y) < Vi{lrr(z ), Cre(y), 0.5} for 
all z,y EX. 

Conversely, let Lis (@. bes ty F; t, r) be a k-polar generalized neutrosophic set over X which satisfies 


the condition (4.2). Let z,y € X and tp = (np, np, .-. nk) € (0, 1J*. If z,y € U(lp, fir), then p(z) > fi 
and erly ) > fir. If Op (z *Y) < fr, then ne yA erly ; > 0.5. Otherwise, we get 


n~ 


or(z*y) > [\{er(2); (y),0.5} = lp(z) A Cr(y) > ter 


= 


which is a contradiction. Hence 


— 


lp(z«y) + ip > Up(z«y) > 2 A {Er(2), rly), 0.5} = 1 


and so 2 * ye T (er, fr) e aca Similarly, if z,y € U(@rr, firr), then z * y € he eee for 
Then a \< tur ada a 2 < frp. Ihre * 4) > frp, then Orp(z \V rr(z) < 0.5 heeniee if i hen 
lrr(z * y) <& Vi{lrr(z), rr(y), 0. 0.5} < Orp(z ) V lrr(y ) < NUIPs which is a contradiction. Thus 


— 


Orp(z *y) thre < 2lpp(z *y) < 2\V {Cre(2) erry ys 0.5}=1 


and soz *y € IF, (lt, Arr) ‘eo Taam: Similarly, we know that if z,y € L(€p, nr), then z*y € 
Fi (tr, ftir) © Fevg(lr, fir) for Ae = (ni, nd, --- ,n') © [0,1]*. Therefore £ is a k-polar generalized (€, 
€ Vq)-neutrosophic subalgebra of X. 


Using the k-polar generalized (€, € Vq)-neutrosophic subalgebra, we show that the generaliged neutro- 
sophic q-sets subalgebras. 
Theorem 4.6. fl = (@. Lae, Lip, tr) is a k-polar generalized (€, € Vq)-neutrosophic subalgebra of X, 


then the generaliged neutrosophic q-sets T, (Er, fir), Te nr), IF (Erp, Nip) and F(ep, Nr) are subal- 
gebras of X for all fir, Arr € (0.5, 1]* and ip, Arp € [0,0.5)*. 
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Proof. Suppose that Le (Gr, Grr, i tr) is a k-polar generalized (€, € Vq)-neutrosophic subalgebra of 


X. Let z,y © X. If z,y € IT (liz, Arr) for fire € (0.5, 1)*, then 0pp(z) + fire > Land Crr(y) + Arr > i. It 
follows from Theorem 4.5 that 


Crr(z *Yy) + fur > {eir(2), ery), 0.5} + fir 
= Meirl(2) 7 furr, €rr(y) + fpr, 0.5 + fier} 
=, 
Le, z*Y E IT, (€rr, fir). Thus IT, (€rr, frr) is a subalgebra of X. Suppose that z,y © FE. (lp, tip) for 
fip € [0,0.5)*. Then (1; 0 €r)(z) + n> < Land (7; 0 €r)(z) + ni, < 1. Using Theorem 4.5, we have 
(m0 bp)(z*y) + nip < \/{(m 0 le)(z), (mi 0 br) (y), 0.5} + n'p 
= Vim 0 br)(2) + nip, (m0 br)(y) + nip, 0.5 + nip} 


<1 


and thus z*y € F (lp, ip) for alli = 1,2,---,k. Hence z*y € 1 Fa (Cr, fip)' = F (lr, fp), and 
therefore F, ‘(e; F, tip) is a subalgebra of X. Similarly, we can induce that 7; (er, nr) and IF, “(e: IF, frp) are 
subalgebras of X for Ayr € (0.5, 1]* and Ap € [0,0.5)*. 


Using the generaliged neutrosophic € Vq-sets, we establish a k-polar generalized (€, € Vq)-neutrosophic 
subalgebra. 


Theorem 4.7. Given a k-polar generalized neutrosophic set L:= (@. -_ C, IF; z; r) over X, if the generaliged 


neutrosophic € \/q-sets Till rs nr), TE le nr), Palin, Nip) and Fajg(lr, nr) are subalgebras of 
X for all rp, irr € (0, 1)" and tip, are € [0,1)*, then L is a k-polar generalized (€, € Vq)-neutrosophic 
subalgebra of X. 
Proof. Assume that there exist a, 6 € X such that 

(m0 br)(a* B) < A\{(mi 0 br)(2), (mi 0 Cr)(8), 0.5} 
fori = 1,2,--- ,k. Then there exists n‘, € (0, 0.5] such that 


(m0 br)(a* B) < nip < [\f(m 0 br)(a), (mi © br)(B), 0.5}. 


Hence a, 8 € U (lr, fur)é, and soa, 3 € Ae: - U (br, fer)’ = = U(r, nr) C Tevallr, fr). Since Tevq(lr, fir) i is 
a subalgebra of X, it follows that a * 3 € Toy le fr) = ('e, T lr fr)’. Thus (7; © br)(a eo) > te 
or (7; © er)(a * 8) +n > 1 fori = 1,2,---,k. This is a contradiction, and thus (7; © er)(z xa) = 
Ai(m © lr)(z), (150 er)(y), 0.5} for all z,y € X andi = 1,2,--- ,k. Now, if there exist a, @ € X such that 


(m0 fr)(a* B) > \/{ (mi 0 Cre)(a), (mi © Lr) (8), 0.5} 
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fori = 1,2,--- ,k, then 
(m0 Crp)(a* B) > nip > \V{(mi 0 lre)(a), (mi 0 Cre) (8), 0.5} (4.4) 


for some ni, € [0.5,1). Hence a, 6 € L(rp, fire)’, and soa, € EL, L(G, fr)’ - L(Crp, Arr) Cc 
TFevq(lrp, fir). This implies that a * 8 € IF evg(€rp, firr), and (4.4) induces a * 8 ¢ L(Crp,Arp)! and 
(x; 0 lrr)(a * B) + nip > Inip > 1 fori = 1,2,---,k. Thusax 6 ¢ 1, Lee, fire)’ = L(re, fir) 
anda * 8 € KL, IF, (err, Are)’ = 1F (rp, fire). Hence a * 8 ¢ IF evq(€rp, irr) which is a contradiction. 
Therefore 


(m0 lrr)(z*y) < \V{(mi 0 lre)(2); (mi © rr) (y), 0.5} 


for for all z,y € X andi = 1,2,--- ,k, ie, Orp(z *y) < V{lre(z), Cre(y), 0.5} for all z,y € X. Similarly, 
we show that (m;0frr)(z*y) > A{(m0€rr)(z), (mi 0 rr) (y), 0.5} and (m1; 0lr)(z*y) < VWi(mj0lr)(z), (m0 
Cr)(y), 0.5} for all z,y € X andi = 1,2,--- ,k. Using Theorem 4.5, we conclude that £ is a k-polar 


generalized (€, € Vq)-neutrosophic subalgebra of X. 


Using the k-polar generalized (€, € Vq)-neutrosophic subalgebra, we show that the generaliged neutro- 
sophic € Vq-sets subalgebras. 


Theorem 4.8. FL = (@. be i tr) is a k-polar generalized (€, € Vq)-neutrosophic subalgebra of X, 


then the generaliged neutrosophic © \/q-sets Tale nr), TiO nip), Uh lle Nr) and lO: Np) 
are subalgebras of X for all ip, irr € (0,0.5]* and tip, ire € [0.5,1)*. 


Proof. Let z,y € Tahini. Then 
z €U((lrp, firr)' or z € IT, (rr, Arr)! 
and 
y € U((lrp, furry’ or y € IT, ((Err, Rrr)’ 
for? = 1,2,--- ,k. Thus we get the following four cases: 
(i) z € U((rr, Arr)’ and y € U((l;r, Arr)’, 
(ii) z € U((Err, fire) and y € IT, ( (Err, fir)’, 
(ii) z € IT, ((€rr, Arr) and y € U((lrr, Arr)’, 
(iv) z €IT,((€rr, yr)’ and y € IT, ( (Err, Arr). 


For the first case, we have z * y € ele hyrr)' fori = 1,2,--- ,k and so 


k 
Z*YE () IT evq( (Err, trr)* = IT evglErr, irr). 


i=1 
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In the the case (ii) (resp., (iii)), y € IT,((Crr, Arr)! (resp., z € IT, ((Crr, firr)*) induce Crp(y) > l—nip > nip 
(resp., £rr(z) > 1 —ntp > nip), that is, y € U((€rr, Arr)’ (resp., z € U((err,frr)'). Thus z * y € 
TT evq( (rr, Arr)! for i = 1,2,--- ,k which implies that 


k 
aeye (iL eval (Cr, Arr)! = [Tevq(rr, Mur). 


i=1 


The last case induces 077(z) > 1 — nip > nip and C;r(y) > 1— nip > nip, ie, z,y € U((Lrr, fir)’ for 
i =1,2,--- ,k. It follows that 


k 
Z*YE () ITevq( (Err, fur)’ = IT eval Err, Arr). 


i=1 


Therefore [ Peg rr, hr) is a subalgebra of X for all Ayr € (0,0.5]*. Similarly, we can show that the set 
Tevq(lr, nr) is a subalgebra of X for all Ap € (0,0.5]". Let z,y € Fayg(lr, ir). Then 


a~ 


Cn(z) <fip or lp(z) + fip <1 


and 


lr(y) < fp or lr(y) +p < 1. 


If 0p(z) < Ap and ln(y) < fp, then 


— — 


er(z*y) < \{lr(2), rly), 0.5} < ip V0.5 = ip 
by Theorem 4.5, and so z * y € L(tp, Ar) ea Fevgllr, fir). If Cp(z) <p or lr(y) + fpr <1, then 
tr(z*«y) < \f {Ce(2), lr(y), 0.5} < \ fie, i — av, 0.5} = tip 


by Theorem 4.5. Hence z * y € L(p, Ap) . PaglOritiz). Similarly, if lp(z) + fip < land Cn(y) < Tip, 
then z* y € Fa,(ér, rr). If lr(z) +r < 1 and lr(y) +p < 1, then 


—~ 


tr(z*y) < \/ {lr(z), Cr(y), 0.5} < (1 — ftv) V0.5 = 05 < tig 


by Theorem 4.5. Thus z * y € L(€p, Ar) eS Fevq(lr, fp). Consequencly, Fevq(€r, fp) is a subalgebra of 


X for all Ap € [0.5,1)*. By the similar way, we can verify that [Fevq(rr, fir) is a subalgebra of X for all 
hip € (0.5, iDigs 
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5 k-polar generalized (q¢, € Vq)-neutrosophic subalgebras 


Definition 5.1. Let £ := (@. bie tr PF, ¢; r) be a k-polar generalized neutrosophic set over X . Then Lis called 
a k-polar generalized (q, © Vq)-neutrosophic subalgebra of X if it satisfies: 


2 €T, (br, fir), y € Tr(lr, tr) > 2*y © Teva(€r, fir), 


ZE IT (err, fir), YE IT, (err, Arr) > ZKYE PT yg Caran), (5 1) 
z € IF, (Cre, Arr), y € LF (erp, fire) > 2*y € IF evgl€rr, fire), 


ZE F.(ep, fir), YE FE. (lp, ftp) > Z*YE Po letr) 
for all z,y © X, fir, Arr € (0, 1)* and fp, irr € [0,1)*. 


Example 5.2. Let X = {0,1,2,a, 3} be the BCI-algebra which is given in Example 4.3. Let L:= (er, Ga 
i PF; ; F) be a 3-polar generalized neutrosophic set over _X in which ¢7, €;7, ¢;r and ¢p are defined as follows: 


( ) ab 2=0, 

( ). 1 e= 1, 

Op: X > [0,18 26 (0.0,0.0,0.9) if z=2, 
( ) i gw, 

U ) if 2=8, 


( (0 \ at = 0, 
" (0 a eed, 
ip: X > (0,18, 2 (0.5,0.8,0.9) if z= 2, 
(0 yt ee OR 

(0 ) 


it z=, 


( (0.2,0.3,0.1) if 2=0, 

7 (10,100.02); p=. 
fie X > (0,18, 2+} (0.3,0.4,1.0) if z=2, 
(0.4,1.0,1.0) if z=a, 

{ (1.0,1.0,1.0) if z=, 


( (0.2,0.4,0.4) if z=0, 

(0.4,1.0,1.0) if z=1, 

Op: X 3 (0,18, 26 (1.0,0.2,0.1) if z=2, 
(1.0,0.3,1.0) if z=a, 

{ (1.0,1.0,1.0) if z=, 


It is routine to verify that L= (@. a ey P; ¢; r) is a 3-polar generalized (gq, € Vq)-neutrosophic subalgebra 
of X. 
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Using the k-polar generalized (gq, € Vq)-neutrosophic subalgebra, we show that the generaliged neutro- 
sophic q-sets and the generaliged neutrosophic € Vq-sets are subalgebras. 


Theorem 5.3. fL = (@. Gk. Gee tr) is a k-polar generalized (q, € Vq)-neutrosophic subalgebra of X, 


then the generaliged neutrosophic q-sets T (lr, nr), PEG: nr), IF,(Erp, Nr) and F(ep, Np) are subal- 
gebras of X for all fp, irr € (0.5, 1]* and tip, Arr € [0,0.5)*. 


Proof. Let z,y € T, \ (bp, Ar). Then z *y € Tev(lr, fr), and so z*y € U (lp, fir) orz*y € dts 72) 
Ifz*ye U(Or, ir), then (77; © tr)(z * y) > nis > 1 — nk since ni, > 0.5 for all i = 1,2,--- ,k. Hence 
zxy € T, Gas nr), and so T, \ (er, np) isa a subalgebra of X. By the similar way, we can verify that 7, HC IT; NIT) 
is a subalgebra of X. Let z,y € FE. (ep, fir). Then z * y € Fev(lr, fr), and soz *y € L(¢p, Ar) of 
zxy € F(p,fip). If z*y € L(€p, fp), then (m0 lp)(z *y) < nip < 1 — ni, since ni, < 0.5 for all 
i = 1,2,---,k. Thus z*«y € F.(ep, fir), and hence F.(p, fip) is a subalgebra of X. Similarly, the set 
IF (erp, hyp) is a subalgebra of X. 


Theorem 5.4. If Ls (@. (ie lie e; r) is a k-polar generalized (q, € Vq)-neutrosophic subalgebra of X, 


then the generaliged neutrosophic € \q-sets Tan nr), IP eel Ores nr), TF evq(€re, Nr) and Pgs Np) 
are subalgebras of X for all up, irr € (0.5, 1]* and ip, Are € [0,0.5)*. 


Proof. Let z,y € Lane) for rp € (0.5, les If z,y € T, (er, Ar), then obviously z * y € Paglbrstir). 
If z € U (ly, fir) and y € T, | (ep, Ar), then ne y+ tp > One 1 én e eT | (bp, fir). It follows that 
zZKYE Tevq(€r, fir). We can | prove z*y € Tevqllr, fir) whenever y €  U(lr, fr) and z € T, (Cr, rr) 
in the same way. If z,y € U(tr, fir), then ne )+ Ar > hr > 1 and erly )+ fir > 2p > 1 and so 
z,yeT, (er, nr). Thus z*y € PSs nr). Therefore Tevallr, nr) is a subalgebra of X for rp € (0. Bell 

Now, let z,y € Peg acne) for rr € (0,0. 5)*. If z,y € F, (Cr, fr), then obviously z * y € Fevq(lp, fir). 
Ifze Ln, fie) andy € Fi (er, fur), then (p(z )+ fe < 2p <lie,zeF | (lp, fir). Hence z * y € 
Fevg(lp, fir). Similarly, we can prove that if y € L(ep, he) and z € F, atin) then z*y € Feva(lr, fr). If 
Zye™ L(¢p, fr), then Op(z \+tnp< 2np < land ln(y )+iap < 2p < 1, thatis, z,y € F | (Ep, fp). Hence 
ZREYE hon np). Therefore Pe Os fp) isa subalgebra of X for all ip € [0,0.5)*. In the same way, we 


can show that TU (Oe; fr) is a subalgebra of X for Arr € (0.5, 1]* and PRS Cre: Np) is a subalgebra of 
X for all Are € [0,0.5)*. 


We provide conditions for a k-polar generalized neutrosophic set to be a k-polar generalized (q, € Vq)- 
neutrosophic subalgebra. 


Theorem 5.5. For a subalgebra S of X, let f= (@. bre. Le ¢; r) be a k-polar generalized neutrosophic set 
over X such that 


< 0.5, £p(z) < 0.5), (5.2) 
T = ép(z)). (5.3) 


Then Lis a k-polar generalized (q, € Vq)-neutrosophic subalgebra of X. 
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Proof. Let z,y € Tq(€r, fir) = \jizs Ta(€r, rr)'. Then (m;07)(z) +nip > Land (m;0lr)(y) +i, > 1 for all 
i=1,2,--- ,k.Ifz*xy €S,thenz € X\Sory € X\S since S is a subalgebra of X. Hence > (miobr)(z )=0 
or (77; 0 Ey ) = 0, which imply that ni, > 1, acontradiction. Thus z « y € S' and so (7; © ér)(2 *y) > 0.5 
by (5.2). 1 > 0.5, then (m0 br)(z *y) +ni,> lie, z*y € Ty (br, her)! for alli = 1,2,--- ,k. Hence 
zeYE ‘an aly (fr, Ap) = = (lr, fr). Similarly, if z,y € IT, WCiptire). then z * y € IT. Oy. yp). Let 
ZYeE IF (Cie, fur) = a2 jie (Crp, Arr). Then (1; o lar) (z )tnin < 1 and L (m o bir) (y \tnin <1 
for all i = 1,2,--- ,k, which implies that z * y € S. If yp = 0.5, then (7; © Cre) (z * y) < 0.6 Sais 
for all i = 1,2,--- ,k which shows that z * y € fe L(t, frp)’ = = L(¢ie, fur). If ni, < 0.5, then 
(m; 0 Cre)(z *y) + nie < 1 for alli = 1,2,-+-,k and soz*y € (VIF (Cre, fir)! = LF (err, fur). 
Similarly way is to show that if z,y € F, | (x, Ap), then z*y € Fevq(lp, fi). Therefore L is a k-polar 
generalized (q, € Vq)-neutrosophic subalgebra of X. 


Combining Theorems 5.3 and 5.5, we have the following corollary. 


Corollary 5.6. If a k-polar generalized neutrosophic set L:= (Gr, br, bor, @ r) satisfies two conditions 


(5.2) and (5.3) for a subalgebra S of X, then the generaliged neutrosophic q-sets Tle nr), IT, (Err, nr), 
IF, (lip, Are) and F, (lp, tp) are subalgebras of X for all fir, firr € (0.5, 1]* and np, Are € (0, 0.5)*. 


6 Conclusions 


We have introduced k-polar generalized neutrosophic set and have applied it to BCK/BCI-algebras. We have 
defined k-polar generalized neutrosophic subalgebra, k-polar generalized (€, € Vq)-neutrosophic subalge- 
bra and k-polar generalized (q, € Vq)-neutrosophic subalgebra and have studid various properties. We have 
discussed characterization of k-polar generalized neutrosophic subalgebra and k-polar generalized (€, € Vq)- 
neutrosophic subalgebra. We have shown that the necessity and possibility operator of k-polar generalized 
neutrosophic subalgebra are also a k-polar generalized neutrosophic subalgebra. Using the k-polar gener- 
alized (€, € Vq)-neutrosophic subalgebra, we have shown that the generaliged neutrosophic q-sets and the 
generaliged neutrosophic € Vq-sets subalgebras. Using the k-polar generalized (q, € Vq)-neutrosophic sub- 
algebra, we have shown that the generaliged neutrosophic q-sets and the generaliged neutrosophic € Vq-sets 
are subalgebras. Using the generaliged neutrosophic € Vq-sets, we have established a k-polar generalized (€, 
€ Vq)-neutrosophic subalgebra. We have provided conditions for a k-polar generalized neutrosophic set to be 
a k-polar generalized neutrosophic subalgebra and a k-polar generalized (q, € Vq)-neutrosophic subalgebra. 
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